Abstract. We investigate the transport of phonons between N harmonic oscillators in contact with independent thermal baths and coupled to a common oscillator, and derive an expression for the steady state heat flow between the oscillators in the weak coupling limit. We apply these results to an optomechanical array consisting of a pair of mechanical resonators coupled to a single quantised electromagnetic field mode by radiation pressure as well as to thermal baths with different temperatures. In the weak coupling limit this system is shown to be equivalent to two mutually-coupled harmonic oscillators in contact with an effective common thermal bath in addition to their independent baths. The steady state occupation numbers and heat flows are derived and discussed in various regimes of interest.
Introduction
Heat conduction in a physical system is a notoriously complex issue to investigate, as the dynamics depend strongly on the interaction between the system constituents as well as on the nature of the environmental baths and their coupling with the system [1, 2, 3, 4, 5, 6, 7, 8] . However, low-dimensional systems in contact with different energy or particle baths represent an excellent test bed for some of the most recent ideas in classical and quantum out-of-equilibrium statistical physics [1] . For example, one can show that a chain of quantum harmonic oscillators in contact with two heat baths at different temperatures exhibits a steady state fluctuation theorem, setting constraints on the entropy production [9] , in all respects equivalent to the fluctuation theorem for the corresponding classical case [10] . Furthermore, chains of oscillators have been used as model systems to study heat conduction in solids, in particular to test the validity of Fourier law, according to which the heat current across a material subject to a temperature gradient scales as the inverse of the system size [1] . Motivated by the growing interest in the thermodynamic properties of out-of-equilibrium quantum systems [11, 12, 13] , we investigate in this paper a prototypical system consisting of a set of quantum harmonic oscillators, each in contact with an independent thermal bath, and all coupled to a common oscillator, which is itself in contact with its own bath. The coupling to the common oscillator effectively mediates an interaction between the different oscillators and baths, which renders the description of the quantum dynamics quite complex in general. While one can envisage many situations that this system may model, our study is specifically motivated by opto-or electromechanical arrays [14, 15, 16, 17, 18, 19, 20, 21, 22] , in which electromagnetic radiation can affect the motion of mechanically compliant structures, thereby allowing effective transport of phonons between the mechanical elements [24] . In addition to their widespread use for sensing and for communication technologies, opto/electromechanical systems have made great progress towards operation in the quantum regime in the past decade [22] . This has motivated, among other things, their potential application to quantum thermodynamics and the investigation of quantum heat engines, pistons, etc. [23, 24, 25, 26, 27, 28] . Among their chief virtues is the highly tunable coupling with electromagnetic radiation which can be enhanced with a resonator and which allows for flexible engineering of interactions and readout. Arrays of mechanical oscillators are particularly interesting as long-range interactions between the mechanics can be engineered [20] in a wellcontrolled fashion and collective phenomena, such as self-oscillations, phonon lasing or synchronisation, can occur [15, 29, 30, 31, 32, 33, 34, 35] .
In this work we investigate phonon transport in an ensemble of identical oscillators in contact with independent thermal baths with (possibly) different temperatures and coupled to a common oscillator-a single electromagnetic field mode in an opto/electromechanical array setting-as illustrated schematically in Fig. 1 . We start by deriving a general expression for the heat flow through the individual elements in steady state when the couplings to the common mode are weak and this mode can be adiabatically eliminated. After discussing a special case where all the baths are at the same temperature, we consider a two-mechanical resonator array coupled to one electromagnetic field mode and show that, after the adiabatic elimination of the field, it is equivalent to a generic two-oscillator system with an effective mutual linear coupling, an effective common bath and two independent baths. We solve this generic problem for thermal Markovian baths and derive expressions for the steady state occupation and heat flows of the mechanics. We then discuss the results in various parameter regimes which could be realised through a suitable engineering of the optomechanical interaction.
Heat flow for N oscillators coupled to a common oscillator and independent thermal baths
We consider a system composed of N identical harmonic oscillators, mutually uncoupled, but all linearly coupled to a common harmonic oscillator, and in contact with independent thermal baths. We denote by the density matrix for the (N + 1)-partite system. The master equation for can be written ( = 1):
whereĤ is the Hamiltonian governing the evolution,
with
andb j the annihilation operator of the j th oscillator (1 ≤ j ≤ N ), γ j the coupling rate of the j th oscillator to its bath, whose mean occupation number is n j , and
withâ the annihilation operator of the final harmonic oscillator, and κ its coupling constant to its own bath, assumed at zero-temperature. We assume thatĤ has the following form [24] :
where ω and Ω are the oscillators' frequencies and g j , assumed real, represents the coupling strength of the j th oscillator to the final one. If g j is small compared to the other frequencies of the problem,â can be adiabatically eliminated from the dynamics. ‡ Let us indicate the reduced, N -partite, density matrix that results from this elimination process with ρ. The heat flow into or out of the l th element § is given by [5] 
We now make use of our adiabatic elimination procedure to write, in steady state, = ρ ss ⊗ ρ a , where ρ a is the steady-state density matrix for the (N + 1) st harmonic oscillator. Let us first take the trace with respect to this mode :
Following the usual methodology, the state described by ρ a has been shifted to describe a zero-mean state. Thus,
where we drop the subscript from the trace because there is no longer any ambiguity. By exploiting the bosonic commutation relations and the cyclic property of the trace, we obtain an explicit expression for the steady-state heat flow:
To proceed further, one needs an expression for the average occupation of the mechanical elements. As we shall now illustrate, there are various situations under which we can calculate this quantity explicitly. ‡ The assumptions of the adiabatic elimination procedure are mainly (i) that one subsystem evolves on a much faster time-scale than the rest of the system, (ii) that the coupling between the two is weak, and (iii) that the total density matrix is approximately a tensor product between the fast and slow subsystems. § We use the convention where positive heat flow corresponds to heat flowing into the system. We use the notation "¬a" to refer to the set of all the modes other than mode a.
Case of identical baths
It is possible to obtain an analytic expression for the heat flow in the case in which the different thermal baths to which the elements are connected are identical, i.e., they are characterised by one single coupling constant γ j = γ and occupation number n j = n. To continue, it is convenient to introduce a normal-mode basis.
) T , and g (l) (2 ≤ l ≤ N ) such that the set {g (l) } forms an orthonormal basis. ¶ We use this "collective" basis to define a new set of N normalised harmonic oscillator annihilation operatorsb j (1 ≤ j ≤ N ):
where eachL j is defined analogously to L j but withb j replaced byb j . The Hamiltonian can be expressed as the sum of Hamiltonians for N − 1 uncoupled and two linearlycoupled oscillators:
Note that it is only because the thermal baths all have the same temperature that the LiouvilliansL j are diagonal in the new basis. As shown, e.g., in Ref. [36] , the adiabatic elimination ofâ and application of the rotating-wave approximation leads to a shift of the oscillatorb 1 's frequency and a modification of its coupling to the baths. In the single-oscillator case the adiabatic elimination leads to the appearance of an effective thermal bath. In the new basis, this means that we obtain an effective master equation for the reduced oscillator-only subsysteṁ
andL
(15) ¶ Since we define g j such that they are all real, we can assume that the entire basis set is composed of entirely real vectors.
The reduced master equation (13) has a steady-state solution ρ ss given by a tensor product of N thermal states ρ j , with an occupation number given by n for j = 1 and n for j ≥ 2. Writing the heat flow in the normal-mode basis yields
Because of the uncorrelated nature of the steady state, we can immediately write that b † jb k = 0 if j = k, i.e.,
where we have also taken the sum out of the parentheses by exploiting the properties of the orthonormal matrix G. By the very nature of the steady state, however,
so that
Therefore, the heat flowing into or out of the mechanical subsystem is simply
which is nonzero because we have traced out the (N + 1) st oscillator. Let us note that n − n → 0 when g → 0. The heat flowing into or out of this oscillator must therefore be
to maintain balance, i.e., J m + J c = 0.
Application to optomechanical arrays

Two-element optomechanical array
As an application, we consider a system composed of two mechanical oscillators in which each identical, independent oscillator is dispersively coupled by radiation pressure to the same cavity field mode. The mechanical oscillators have identical frequency ω and equal damping rate γ into two independent Markovian thermal baths held at possibly different temperatures, yielding mean thermal occupation numbers n 1 and n 2 for the mechanical modes in absence of the field. We assume operation in the linearised regime for the optomechanical interaction [22] in which the number of intracavity photons is large. Without loss of generality we also consider a situation in which the cavity field couples to the centre-of-mass motion of the pair of mechanical oscillators, leaving the relative mode of motion uncoupled. + Under these conditions the Hamiltonian and Liouvillian of the system are given by
We have defined the cavity field detuning ∆ = Ω L − Ω, where Ω L is the frequency of the driving field, assumed to be monochromatic, and have transformed our system to a frame rotating at the frequency Ω L . The enhanced optomechanical coupling rate g and the Liouvillians L 1 (2) and L a are defined as in Eqs. (2) and (4), respectively. Introducing the relative and centre-of-mass modeŝ
these can be recast as
with L r,c a Liouvillian including the correlations between the rotated baths. Adiabatically eliminating the cavity field in the weak optomechanical coupling regime leads to an effective mechanical frequency ω = ω + Λ, due to the optical spring effect, as well as an effective damping rate γ = γ +γ, for the centre-of-mass mode (see, e.g., Ref. [36] or the supplementary information of Ref. [24] ), where
The field fluctuations also give rise to an additional effective bath, coupling to the centre-of-mass mode only, whose Liouvillian has the form
Assuming a red-detuned cavity field (∆ < 0) for which β + > β − , this term describes the coupling with a thermal bath with coupling rate and occupation number defined by
The effective Hamiltonian and Liouvillian after adiabatic elimination then read
or, going back to the bare mechanical basis,
+ Note that the opposite situation can be realised in, e.g., a "transmissive" configuration [20] or in the double-cavity geometry of Ref. [41] .
In the regime of interest, Λ ω, so that we may approximate
These indeed describe the dynamics of a pair of oscillators, mutually coupled with a strength Λ and in contact with two independent baths and a common bath described by the Liouvillians L 1,2 andL, respectively. The master equation that emerges from this model is a special case of a more general master equation; in the next section we shall describe this more general situation and derive the steady state of the system.
Two oscillators with independent and common thermal baths
A general treatment of the dynamics of a pair of coupled oscillators in contact with either independent baths or a common bath can be found in Ref. [4] . Motivated by the results of the previous section, we consider the same Hamiltonian as in Ref. [4] :
but focus on the case of two identical oscillators (equal mass and frequency) and each in simultaneous contact with both an independent and a common bath; we have defined
. We assume the baths to be Markovian, the independent bath temperatures being given by n j , and the common bath temperature byn and we follow the procedure of Ref. [4] to obtain an effective master equation in the limit γ,γ
wherex + =x 1 +x 2 . Under the rotating-wave approximation, where terms of the form b 1b2 andb † 1b † 2 are neglected based on the approximation that their effects average out over the longer time-scales of relevance to the problem, the model described by this master equation reduces to the optomechanical model derived in Sec. 4.1. In the remainder of this section we show that, under the conditions outlined below, we can solve this more general model explicitly and apply this solution to the situation in Sec. 4.1.
From this master equation, and exploiting the standard commutation relations, we derive a closed system of equations describing the temporal evolution of the sixteen second-order moments, which is shown in the Appendix. Under the assumption that the initial state is Gaussian, the dynamics described by these equations preserves the Gaussian nature of the state at all time. From these equations it is straightforward to compute the steady state occupation numbers of both oscillators,
and thereby calculate the heat flow in this system from (9) . One gets n j = 2γn j +γn 2γ +γ +γ 2 2(2γ +γ)(γ +γ)
which leads to the following expression for the steady state heat flows
. (40) 
Discussion
It is interesting to look at these expressions in various regimes of interest. The regime of large mutual coupling between the oscillators corresponds to the large optical spring regime, which can be achieved in the bad-cavity limit of optomechanics, κ ω. In this regime, and for ∆ ∼ −κ, Eqs. (27) and (28) give |Λ| ∼ g 2 /κ γ ∼ 2g 2 ω/κ 2 . In contrast, the regime of large coupling to the effective common bath can be achieved in the resolved sideband regime of optomechanics, ω κ.
(i) In the large coupling regime Λ γ,γ, one has n j = 2γ +γ 2(γ +γ)
which we can understand in two different limits. (a) When the coupling to the independent baths is larger than that to the common bath (γ γ), the mean independent bath temperature n 1 +n 2 2
. (b) When the damping into the common bath dominates over the mutual coupling, the whole system equilibrates at the mean of the common and independent bath temperatures
(ii) If the independent baths are held at the same temperature n, the term due to the mutual coupling vanishes and one gets n j = 2γ +γ 2(γ +γ) n +γ 2(γ +γ)n , J j = ωγγ γ +γ (n −n) (j = 1, 2)(43) This is consistent with the limit of radiation pressure cooling in optomechanics [37, 38, 39, 40] , which predicts that the (centre-of-mass) mode coupled to the field is cooled down ton,γ γ. Since the uncoupled (relative motion) mode's occupancy remains n, this means that, in the bare basis, n j → (n +n)/2 whenγ γ.
(iii) In the case of the N baths all at equal temperature, one can use this formalism together with the ideas developed in Sec. 3 to find
This means that the heat flow through the j th mechanical element is proportional to the temperature difference between the independent thermal baths and the field bath, weighted by the branching ratio of the damping rates η =γ/(γ +γ) and the relative optomechanical coupling strength of the j th element to the field. Note that, because of the normalisation of the g j , the total heat flow through the array is independent of the system size * :
where n = n(1−η)+ηn is the final occupation number of the collective modeb 1 . Let us also note that, while the averaged heat flow per element,J ≡ 1 N j J j = J m /N , scales as the inverse of the length of the arrays, as expected from the Fourier law [1] , the local heat flow depends on the form of the individual optomechanical coupling. To take an example, for a field whose wavelength is chosen such that the whole array is "transmissive," the g j can be shown to have a sinusoidal dependence with the element position in the array [20] 
One sees from Eq. (44) that the currents flowing through the different oscillators have quite different behaviours in the large-N limit. Indeed, at the extremities or the centre of the array, one has J j ∼ 1/N 3 as N → ∞, while for j ∼ N/4 or 3N/4, we obtain J j ∼ 1/N . Choosing the form of the optomechanical couplings thus offers some freedom in tuning the heat flow through individual elements.
Conclusion
We have investigated the transport of heat in a system of N quantum oscillators coupled to common and independent baths and derived analytical expressions for the steady state occupancy and heat flow. The obtained results are, among others, relevant in the context of optomechanical arrays where by choosing the form of the coupling between the optical field and the mechanics one can engineer effective couplings and baths for the mechanical oscillators, and thereby tune the heat flow through individual elements. While the present work focussed on the situation of an optical field in a coherent statea common oscillator coupled to a zero-temperature bath-the same approach could be used to tackle the case of optomechanical interactions with (Gaussian) fields exhibiting nonclassical correlations, such as squeezing [42, 41] . 2 = ω {x 2 ,p 2 } , ∂ t x 1x2 = ∂ t x 2x1 = ω( x 1p2 + x 2p1 ), ∂ t {x 1 ,p 1 } = 2ω( p 
